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Beams with Warping Restraint Effects
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A new ® nite element model is developed to capture spanwise torsion-related warping restraint effects in open-

section composite beams. The new model features both twist and twist rate degrees of freedom, allowing for
direct implementation of the kinematic boundary conditions associated with torsion-related warping restraints.

A Vlasov cross-sectional model is used to determine the beam stiffness coef® cients. The new model is validated
against closed-form solutions for uniform composite I beams and detailed shell element solutions for more general

spanwise geometries and loading conditions. A previous method of modeling spanwise torsion-related warping
effects is reviewed and compared to the current model. Beams with spanwise taper, elastic couplings, and arbitrary

warping boundary conditions are analyzed. Bending loads and distributed torsional loads are also investigated.
Excellent correlation is observed between the current model, closed-form solutions,and ® nite element solutions.For

beams with uniform cross-sectional and warping restraints at both ends, the global increase in torsional stiffness
due to torsion-related warping effects is independent of distributed loadings. The stiffness increase was found

to depend on the cross-sectional geometry in the vicinity of the restraint. For extremely slender beams, the new
torsion model yields the classic St. Venant torsion solution.

Nomenclature
A, B, C = arbitrary constants for mixed torsion differential

equation

f D g = element displacementvector
EL , ET = Young’s modulus in longitudinal and transverse

directions
EI x x = beam warping stiffness
G LT = shear modulus of plies in principal direction
GJ = beam torsion stiffness

f H g = Hermitian shape function polynomial
[K ] = beam stiffness matrix
L = beam length

f L g = Lagrange shape function polynomial
Mx , My = beam bending moments about x and y axes
M x = bimoment applied to beam
m x = applied external bimoment on beam
N = axial force applied to beam
n = applied external axial load to beam

f R g = element load vector
T = total torque applied to beam about z axis
Ts = St. Venant torque applied to beam
ts = applied external St. Venant torsion load on beam
Tx = Vlasov torque applied to beam
(U, V , W ) = beam displacement coordinates in x , y, z
vx , v y = applied external transverse loads on beam
(x , y, z) = I-beam coordinate system
h = angle between s and x axes
k = warping stiffness parameter
m L T = Poisson’s ratio in principal plane
P p = total element potential energy
P s = strain energy for ® nite element
P ¤

s = strain energy density for ® nite element
} = warping function
u y , u x , u z = beam rotations about x , y, z axes
X = potential of external loads
( ) 0 = differentiationwith respect to z
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Introduction

O PEN-SECTION compositebeams are used in a widevarietyof
aerospaceapplications.These structures exhibit high bending

and axial stiffnesswith lightweightand relativelylow torsionalstiff-
ness.Analysis methods for bendingand sheardeformationsof these
sections are well documented.Long beams can be accurately mod-
eled as Bernoulli±Euler beams, but for shorter beams and beams
with bending-shear or extension-shear parasitic couplings, trans-
verse shear deformationsmust be included in the analysis.

Similarly, the torsional behavior of long, slender beams can be
accuratelydescribedwith St. Venant torsiontheory.For loweraspect
ratio beams, torsion-relatedwarping effectsbecomesigni® cant, and
both St. Venant and Vlasov torsion must be used. Recently, it has
been shown that warping restraint effects can be signi® cant in mod-
erate or even large aspect ratio compositebeams.1 Signi® cant errors
in torsional response can result if warping effects are ignored.

A common application of open-section composite beams is the
bearingless rotor ¯ exbeam in advanced helicopter rotor systems.
Several major helicoptermanufacturers(Bell, Boeing, McDonnell±
Douglas,Sikorsky,andMBBÐ DeutscheAerospace)havebeenpro-
ducing a number of bearingless main rotor and tail rotor designs
utilizing open-section, moderate aspect ratio composite beams.2±6

Newer designs may feature elastically tailored laminates, coupling
complexbendingand twistingmotionstogetherfor improveddamp-
ing, reduced vibration, enhanced performance, and higher stability
margins. I beams are well suited for elastic tailoringapplicationsbe-
causeangleplies in the separated¯ angesallow for larger extension±
twist or bending±twist couplings.

Elastic couplingscan make analysis of both the ® xed- and rotary-
wing aircraft structures more complex. Effects such as torsion-
related warping can play an important role in beam response and
must be addressedboth in the cross-sectionalanalysis and the span-
wise discretization.Progress on cross-sectionalmodeling of beams
with elastic couplings has been ongoing for many years, but studies
have not focused on spanwise discretization in the past. An ex-
tremely accurate cross-sectional model is not very useful unless it
can be extended into the spanwise dimension. This work focuses
on developing a new spanwise discretization model that is capable
of accurately representing warping restraint effects in composite
beams.

The ® rst work with the contour-based cross-sectional analysis
methods used in this study was conducted by Vlasov.7 A text-
book including warping of thin-walled structures was written
more recently by Gjelsvik.8 The Vlasov theory in these books
could model thin-walled beams by translating the two-dimensional
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plate stress resultants and displacements to one-dimensional beam
forces, moments, and displacements. In this way, loads and dis-
placements are only a function of the spanwise coordinate. The
theory was useful for modeling generally shaped thin-walled
isotropic sections. Examples of both open and closed sections were
included.

Vlasov theory was initially extended to composites by Bauld and
Tzeng.9 Only symmetric laminates were considered,and transverse
shear was not taken into account. Chandra and Chopra1 included
transverse shear effects of the beam, although transverse shear of
the individual laminates in the cross section was not considered.
Bending±torsion coupled beams were considered. Closed-form so-
lutions for uniform I beams under tip bending and torsional load-
ings were developed and tested against experimentally determined
results. The study showed that unlike isotropic beams, composite
beams with large aspect ratios (on the order of 60) were strongly
affected by warping restraints. The theory was later extended to
include closed sections.10, 11

Bauchau and Chiang12 utilized a nonlinear shell element model
including warping effects in an analysis of tail rotor blades. The
effects of warping on rotating natural frequencies were considered.
Another beam theory was proposed, which expanded the warping
terms in a series of eigenwarpings, assuming that the beam cross
section is in® nitely rigid in its own plane. Thin-walled box beam
sections were analyzed and compared to classical results.13

Kosmatka14 formulated a nonlinear theory for spinning aniso-
tropic beams including warping effects. Cylindrical cases were ex-
aminedwith varyingply orientationsand slendernessratios. Results
showed that for the cases examined, warping effects in¯ uenced the
torsion natural frequencies, but not bending.14 Another study was
conducted to determine the behavior of antisymmetric beams with
initial twist. Rectangular cross sections were examined.15

Crawley and Dugundji16 and Jensen et al.17 conducted studies
on in-plane warping of isotropic16 and bending±torsion coupled17

composite plates.A partialRitz method was used assuming a chord-
wise de¯ ection shape. For bending±torsion coupled cases, natural
frequencies were signi® cantly affected by excluding the chordwise
de¯ ection.

Two-dimensional methods have also been developed to describe
torsion-relatedwarping.Lee and Kim18 and Stemple and Lee19 used
a warping nodes method, where the cross section is descretizedand
theout-of-planedeformationat eachpoint iscalculated.Thesemeth-
ods yield accurate results but require too many degrees of freedom
to be practical for aeroelastic analysis.

Yuan et al.20 formulated a beam ® nite element approach where
the warping magnitude was consideredas an independentdegree of
freedom. The principal focus of this study was aeroelastic stability,
and no efforts were reported to evaluate the warping model.

Another modeling approach is to arti® cially modify the tor-
sional stiffness of the beam near a warping restraint to capture
the boundary-layereffect (modi® ed-GJ method). Nixon21 used this
method for an analysis of extension±torsion coupled rotor blades.
The stiffness modi® cation is based on closed-form solutions devel-
oped in Ref. 8.

Tracy andChopra22, 23 derivedtwo differenttorsionstiffnessmod-
i® cations to capturewarping effects as part of a study on aeroelastic
stability of bearingless composite rotor systems. These modi® ca-
tions were based on the closed-form solutions for uniform beams
developed in Ref. 1. Stiffness modi® cations are dependent on load-
ings and boundary conditions. Results for tip-loaded beams with
uniform cross sections were presented.

The objectiveof this researchis to developa new methodof incor-
porating restrained warping effects into beam ® nite elements. The
formulation is intended to be used for applications such as aero-
elastic response and stability calculations,where linear beam ® nite
elements with distinct bending, torsion, and extension degrees of
freedom are typically used. In such calculations, closed-form re-
sults lack the capability of modeling real structures and loading
conditions. Shell element results, though accurate, require compu-
tation times on the order of minutes rather than seconds for a beam
model. The current work proposes a model that is both computa-
tionally simple and accurate for structures with complex loadings,
spanwise taper, and elastic couplings.

Analytical Formulation
This section brie¯ y describes torsion-relatedwarping, the Vlasov

cross section model, and the formulation of the mixed torsion ele-
ment. The element is compared to a previousapproachfor modeling
torsion-relatedwarpingin beamelementsthathasbeenimplemented
in past aeroelastic analyses. The improvements over the previous
approach are noted.

Torsion-relatedwarping is a deformation in which the cross sec-
tion deforms locally out-of-plane, but does not produce a net axial
deformation (see Fig. 1). The axial de¯ ection w due to warping is
proportional to a warping function and the spanwise rate of twist in
the beam,

w (z, s) = } (s) u 0
z(z) (1)

For an isotropicbeam, thegoverningdifferentialequationfor a beam
with mixed torsion is

EI x x u 0 0 0
z ¡ GJu 0

z = ¡ (Ts + Tx ) (2)

where EI x x is the warping stiffness, GJ is the torsion stiffness, and
(Ts + Tx ) is the applied torque. The applied torque is the sum of
St. Venant torque Ts and Vlasov torque Tx . The Vlasov torque is
a consequenceof the so-called warping moment or bimoment M x .
The bimoment has units of force-length.2 It is a set of two equal
and opposite moments about the same axis separated by a distance
(see Fig. 1) and can be an applied force or can arise from restraining
warping at a point. A good description of the bimoment and its
origins can be found in Ref. 24.

The governing differential equation [Eq. (2)] is third order and,
hence, has geometric twist and twist rate boundary conditions.The
possible boundary conditions are twist restrained u z = 0 or twist
free Ts = 0 and warping restrained u 0z = 0 or warping free M x = 0.

Restraining the warping deformation causes the twist rate to be
zero at the point of restraint. This causes a local effective torsional
stiffening that affects the global torsional response of the beam,
similar to boundary layers in ¯ uid dynamics.

A Vlasov type cross section analysis was used in the current
model. A thorough derivation of the equations and cross-sectional
stiffnessescan be found in Ref. 1. A generalVlasov theory approach
is presentedto model a beamwith extension,bending, torsion,warp-
ing, and transverseshear deformations.The result is a 9 £ 9 stiffness
matrix relating beam forces to beam displacements.By considering
only symmetric beams with cross-ply webs subjected to bending
and torsional loads, the 9 £ 9 matrix is reduced to 5 £ 5:

ìïïïïï
í
ïïïïïî

N

Mx

¡ My

M x

Ts

üïïïïï
ý
ïïïïïþ

=

é
êêêêêë

K11 K12 K13 K14 K15

K21 K22 K23 K24 K25

K31 K32 K33 K34 K35

K41 K42 K43 K44 K45

K51 K52 K53 K54 K55

ù úúúúúû

ìïïïïï
í
ïïïïïî

W 0
u 0y
u 0x
u 0 0z
u 0z

üïïïïï
ý
ïïïïïþ

(3)

Equation (3) is appropriate for bending and torsion of symmetric
beamsandextensionand torsionof antisymmetricbeams.For proper
modeling of axial deformation in symmetric beams or bending in

Fig. 1 Out-of plane warping and bimoment on I beam.
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Fig. 2 Coordinate systems, forces, and displacements.

antisymmetric beams, the full 9 £ 9 matrix would be necessary
or a minimization process would be necessary to account for shear
couplings.An exampleof this shearcondensationis givenin Ref. 22.

The beam coordinates, applied forces, and corresponding dis-
placements are shown in Fig. 2. For general laminates and cross-
sectional shapes, K is fully populated. In practical applications,
many of the coef® cients are zero. In an extreme case, an I beam
with isotropicor cross-plywebs and ¯ anges, the matrix is diagonal.
The numberof nonzerooff-diagonaltermsdependson thecouplings
present in the beam.

[K ] =
é
êêêë

[KExt] [KExt±Flap Bend] [KExt±Chord Bend] [KExt±Torsion]

[KExt±Flap Bend] [KFlap Bend] [KFlap Bend±Chord Bend] [KFlap Bend±Torsion]

[KExt±Chord Bend] [KFlap Bend±Chord Bend] [KChord Bend] [KChord Bend±Torsion]

[KExt±Torsion] [KFlap Bend±Torsion] [KChord Bend±Torsion] [KTorsion]

ù úúúû
(11)

Finite Element Formulation
The specializedelement is formulated throughan energy method

incorporating the principle of the stationary value of the total po-
tential energy. First, the total potential energy is obtained from the
strain energy and the potential of the external loads. The stationary
condition is then applied to obtain the ® nite element equations. In
the linear regime, the strain energy density expression for a beam
undergoing extension, bending, torsion, and warping deformations
is given by

P ¤
s = 1

2
[N W 0 + My u 0x + Mx u 0y + Ts u 0z + M x u 0 0z ] (4)

If no shear is included, the bar displacementsU 0 and V 0 can be sub-
stituted for u x and u y . This changes the strain energy expression to

P ¤
s = 1

2
[N W 0 + MyU 0 0 + Mx V 0 0 + Ts u 0z + M x u 0 0z ] (5)

Substituting the K matrix coef® cients from Eq. (3), in terms of the
bar forces and displacements, the strain energy becomes

P ¤
s =

1

2

æ
çççè

K11W 0 2 + 2K12V 0 0 W 0 + 2K13U 0 0 W 0 + 2K14 u 0 0z W 0
+ 2K15 u 0z W 0 + K22V 0 0 2 + 2K23U 0 0 V 0 0 + 2K24 u 0 0z V 0 0
+ 2K25 u 0z V 0 0 + K33U 0 0 2 + 2K34 u 0 0z U 0 0 + 2K35 u 0zU 0 0
+ K44 u 0 0 2z + 2K45 u 0z u 0 0z + K55 u 0 2z

ö
÷÷÷ø
(6)

The potential of the external loads on the beam in terms of the same
displacements is given by

X = nW + vx U + v y V + ts u z + m x u 0
z (7)

The lowercase letters are the applied (distributed) bar forces. To
numerically discretize the equations, shape functions are then sub-
stituted for the bar displacements U, V , W , and u z . Two different

types of shape functions were used. For the axial displacement, a
three-node Lagrangian (C0 continuous) representation was used.
For bending and torsion, a two-node Hermitian (C1 continuous)
representation was used. The shape functions can be found in a ® -
nite element textbook, such as Cook.25 By substituting for the bar
displacements with the appropriate shape functions, the following
expressions are obtained for the discretized displacements:

f U g = f H g T

ìïïï
í
ïïïî

u1

u 01
u2

u 02

üïïï
ý
ïïïþ

, f V g = f H g T

ìïïï
í
ïïïî

v1

v 01
v2

v 02

üïïï
ý
ïïïþ

(8)

f W g = f Lg T
ìï
í
ïî

w1

w2

w3

üï
ý
ïþ

, f Áz g = f H g T

ìïïï
í
ïïïî

u z1

u 0z1
u z2

u 0z2

üïïï
ý
ïïïþ

The column vectors in Eq. (8) are the nodal displacements.These
discretized displacements are substituted for the displacements in
the strain energy density expression [Eq. (6)] and integrated over
the beam length. A more compact matrix form results:

P s =
1
2 f D g T [k] f D g (9)

The potential of the external loads is placed in a similarly compact
matrix form:

X = ¡ f D g T f R g (10)

The element stiffness matrix comprises 10 unique submatrices,
one for each stiffness and coupling term. The element stiffness ma-
trix, in terms of the 10 submatrices, is given by

There is a correspondingintegral expression for each of the subma-
trices,

[KExt] = * L

0

( f L 0 g [K11]f L 0 g T ) dx (12)

[KFlap Bend] = * L

0

( f H 0 0 g [K22] f H 0 0 g T ) dx (13)

[KChord Bend] = * L

0

( f H 0 0 g [K33] f H 0 0 g T ) dx (14)

[KTorsion] = * L

0

( f H 0 g [K55]f H 0 g T + f H 0 0 g [K44] f H 0 0 g T

+ 2f H 0 g [K45]f H 0 0 g T ) dx (15)

[KExt±Torsion] = * L

0

( f L0 g [K15]f H 0 g T
+ f L 0 g [K14]f H 0 0 g T ) dx

(16)

[KFlap Bend±Torsion] = * L

0

( f H 0 0 g [K25]f H 0 g T + f H 0 0 g [K24] f H 0 0 g T ) dx

(17)

[KChord Bend±Torsion] = * L

0

( f H 0 0 g [K35]f H 0 g T
+ f H 0 0 g [K34] f H 0 0 g T ) dx

(18)

The stiffness coef® cients in the remaining matrices are small or
zero for the I-beam geometry and bending±torsion ply orientations
considered.Expressions for these matrices are very similar to those
in Eqs. (12±18). Likewise, had transverseshearbeen included, there
would be additional submatrices for the shear degrees of freedom,
each of similar form.



1344 FLOROS AND SMITH

The potential of the external loads is given in terms of the load
vector R. It is a stacked column vector of the nodal displacements,

f R g =

ìïïï
í
ïïïî

f ni g
f vyi g
f vxi g
f tsi g

üïïï
ý
ïïïþ

(19)

Similar to the element stiffness matrix k, there is also an integral
expressionfor each of the terms in the vectorof the external loads R:

f n g = * L

0
f Lg T n(z) dz (20)

f vy g = * L

0
f H g T v y(z) dz (21)

f vx g = * L

0
f H g T vx (z) dz (22)

f ts g = * L

0

( f H g T ts(z) + f H 0 g T m x (z)) dz (23)

The displacementvector f D g in Eqs. (9) and (10) is a stackedcolumn
vector of the nodal displacements:

f D g =

ìïïï
í
ïïïî

f wi g
f vi g
f ui g
f Ázi g

üïïï
ý
ïïïþ

(24)

Summing the strain energy and the potential of the external loads
yields the total potential energy

P p = P s + X (25)

Substituting the expressionsfor P s and X , a matrix equation for the
element in terms of the element stiffness matrix, load vector, and
displacement vector is obtained:

P p = 1
2 f D g T [k] f D g ¡ f D g T f R g (26)

Using the principle of the stationary value of the total potential
energy, the following stationary condition is applied:

@P p

@f D g
= f 0 g (27)

This results in the standard discretized ® nite element equations,

[k] f D g = f R g (28)

Having derived the ® nite element equations, some important ob-
servationscan bemade. This discretizationincludesthe torsionstiff-
ness, the warping stiffness due to Vlasov effects, and the warping±
torsion couplingstiffness(often zero) in one submatrix, as shown in
Eq. (15). Note that in a similar manner, the terms coupling torsion
with other degrees of freedom must also be the sum of the warp-
ing coupling and the torsion coupling. This is a unique feature of
the current research. Through the simple addition of the warping
strain energy into the element strain energy, the Vlasov torsion is
rigorously accounted for.

Comparison to Previous Method
From Eq. (3), the term that relates applied St. Venant torque and

the twist deformation is K55 . Inclusionof warpingeffects was previ-
ously accomplishedin Refs. 21±23 usinga St. Venant torsion model
by modifying this stiffness coef® cient over part or all of the beam.
One such approach, found in Ref. 23, was based on closed-form
solutions to the governingdifferentialequation for torsion.This ap-
proach was used in a previous rotor system aeroelastic analysis.
Results for the current model will be compared to this approach. A
brief overview of its formulation is presented here.

For a composite beam with a cross-plyweb and identical ¯ anges,
subjected only to bending and torsional loads, the governingdiffer-
ential equation is found in Ref. 1 to be

K44 u 0 0 0
z ¡ (K55)r u 0

z = ¡ ÅT (29)

where

(K55)r = K55 ¡ ( K 2
25/K22

) (30)

The reduced torsion stiffness re¯ ects the increased compliance
due to bending±torsion couplings. The general solution to Eq. (29)
is

u z = [ ÅT
(K55)r

]z + A + B sinh k z + C cosh k z (31)

where

k = ! (K55)r

K44

(32)

and where k is a parameter that can be used to assesswarping effects
in a cross section. Accounting for beam length, the parameter k L
is a good indicator of the importance of warping effects in a beam.
Vlasov torsion effects diminish as k L grows large with respect to
unity.

The arbitrary constants A, B, and C in Eq. (31) are found by
substituting the boundary conditions into the general solution. The
torsional response of the beam with a tip torque and warping re-
strained at the root and tip is given as

u z =
ÅT

k (K55)r [ k z ¡ sinh k z +
cosh k L ¡ 1

sinh k L
(cosh k z ¡ 1)] (33)

The stiffness modi® cation in Ref. 23 is based on this equation
and the classic St. Venant result for a beam with a tip torque, given
by

u = T z/GJ (34)

To obtain the modi® ed stiffness equation [Eq. (34)] is solved for GJ
and u is replaced with the expression in Eq. (33) to obtain

GJ(z) = z k (K55)r / [ k z ¡ sinh k z +
cosh k L ¡ 1

sinh k L
(cosh k z ¡ 1)]

(35)

There are several conceptual and practical problems with this
approach. First, the closed-form equation is for speci® c boundary
conditions,in this case warping restrainedat the root and tip. This is
achievedby GJ(z) becoming in® nite near a restraint. In Eq. (35) the
denominator contains an expression for u (z), not u 0 (z), and so the
stiffnessbecomes in® nite when the twist approacheszero, not when
the twist rate approaches zero as the proper boundary conditions
dictate. Also, the numerator is proportional to (K55)r , rather than
to K55 , to re¯ ect the increase in compliance due to bending±torsion
couplings. The result is used in a ® nite element stiffness matrix.
Therefore, the compliance increase is accounted for twice, once an-
alytically to obtain GJ(z) and once numerically in the ® nite element
analysis. There is no physical justi® cation to support this.

In contrast, the current approach incorporatesthe warping effects
directly into the element strain energy. In previous approaches, the
torsion solution had to be known a priori, whereas in the current
analysis, no prior knowledge is necessary. The restrictions on sim-
ple loadings, uniform geometries, and prespeci® ed boundary con-
ditions are thus removed. Instead of changing the torsion stiffness
with an equation, the current model directly enforces the kinematic
boundary conditions and uses the analytical stiffnesses in the ® nite
element.

The Vlasov cross section model for torsion is often discretized
with a three-nodeLagrangian (C0 continuity)polynomial represen-
tation. In this study, torsion is incorporatedinto the specializedbeam
® nite element through Hermitian polynomials. Hermitian polyno-
mials feature continuity of both twist and twist rate (C1 continuity).
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Table 1 Comparison of features of modi® ed-GJ method
and current formulation

Modi® ed-GJ method Current method

Numerical or analytical a priori No a priori solution needed
solution necessary for analysis

C0 continuous shape functions C1 continuous shape
functions allow warping
moment to be carried from
element to element

Warping boundary conditions Geometric boundary conditions
approximated by equation are directly enforced

Main diagonal stiffness terms Calculated stiffnesses used
altered by analysis

Analytical model changes with Boundary conditions and loadings
boundary condidions and loadings applied in solution

This allows the warping moment to vary across the ® nite element,
similar to bending moments in a standard Hermitian bending rep-
resentation. The warping is linked directly to the twist rate degree
of freedom as in the governing differential equation and strain en-
ergy equation.Torsion is representedby two nodes and two degrees
of freedom per node, u and u 0 . For restrained warping, the u 0 = 0
boundary condition can be easily enforced. A comparison of fea-
tures of the current model and the modi® ed-GJ model is shown in
Table 1.

Results
The new ® nite element was validated against closed-form solu-

tions for I beams from Ref. 1 and detailed shell element solutions.
The closed-form solutions were previously tested against experi-
mental results, and good correlation was achieved. The I beams
tested were graphite/epoxy; material properties are EL = 20.59

£ 106 psi (Msi), ET = 1.42 Msi, G LT = 0.89 Msi, m L T = 0.42, and
ply thicknesses= 0.005 in.

A baseline uncoupled case was tested to check the accuracy of
the new element. The results are plotted in Fig. 3. The beam has a
1 £ 0.5 in. cross section, with [0/ 90]4 layups in the ¯ anges and the
web. Note that the word symmetric in the layup descriptionon each
plot is with respect to the beam centerline. In other words, the ® rst
ply is on the inside of the ¯ ange for both the top and bottom. The
beam is loaded with a unit tip torque and is clamped at the root with
warping restrained at the root and tip. It can be seen that the new
® nite element can accurately predict this simple case, as the shell
element solution, the closed-form solution, and the current model
are nearly coincident. The shell element model contained 300 thin,
shallowshellquadrilateralelements,with sixdegreesof freedomper
element. The plot shown used eight beam elements for consistency
with the other, more complex results presented. It should be noted
that convergence is extremely rapid for the new element, and this
baseline case was modeled to 98.4% accuracy with a single beam
element compared to the closed-form solution.

Bending±torsion coupled cases were also tested to verify that
the new element could not only model twist response but could
also model both the bending due to torque loading and the twist
due to bending loading. The beam considered had ¯ ange layups of
[0/ 90]3[15]2 and a web layup of [0/90]4 . Results are shown for
twist under a unit tip torque (in Fig. 4), for twist under a unit tip
bending load (in Fig. 5), and for bending slope under a unit tip
torque (in Fig. 6). In each plot, the current model coincides exactly
with the closed-form solution. The modi® ed-GJ solution is in error
by a signi® cant amount in each case. Note that the twist rate for
the modi® ed-GJ plots does not approach zero at the tip. The St.
Venant characterof the element is evident in the discontinuoustwist
rate between the ® rst and second elements, at the 7.5-in. spanwise
position.The current model is a smooth curve over the entire length
of the beam due to the continuity of twist and twist rate. These
® gures show that the new model can accurately predict the torsion
response and the coupled bending response as well.

To examine the versatility of the new element, the baseline cases
were modi® ed in beam geometry, boundary conditions, and load-
ings, to verify that it was capable of modeling these changes. The
® rst test veri® es the dependenceof warping on aspect ratio, de® ned

Fig. 3 Validation of twist distribution under tip torque for baseline
uncoupled I beam.

Fig. 4 Twist response of bending± torsion coupled beam under a tip
torque.

Fig. 5 Twist response of elastically coupled beam under tip bending
load.

Fig. 6 Bending slope of elastically coupled beam under tip torque.
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Fig. 7 Nondimensionaleffect of aspect ratio on torsional response with
warping restrained at root and tip.

Fig. 8 Comparison of current model with St. Venant solution with
midspan concentrated torque at different aspect ratios.

as the length of the beam divided by its height. As aspect ratio in-
creases,the effectsofwarpingbecomesmallerand the twist response
approaches the St. Venant solution. Figure 7 shows the response of
beams with different aspect ratios normalized to the tip twist re-
sponse without warping restraint effects. When the aspect ratio is
large (160), the slope of the twist curve is parallel in the middle
to the St. Venant case. This shows the boundary-layer effect of the
warping restraint,where only the ® rst and last 20% are affected and
about 60% in the midspan is not.

An interesting corollary to aspect ratio dependence is a compar-
ison to St. Venant torsion for a midspan concentrated load. The St.
Venant solution predicts a step change in twist rate at the point of
load application. Element-to-element continuity of twist rate pre-
cludes step changes in the current model. A test case was examined
to see if the new element would converge to the St. Venant solution
if the warping was free at the root and tip. Note that with the current
model changing the boundary condition to warping free requires
only releasing the constraint on u 0 . The result is shown in Fig. 8.
At the smaller aspect ratio (long dashes), the tip twist de¯ ection is
identical, but the warping restraint effects prevent the step change
in twist rate. The much higher aspect ratio (short dashes) is nearly
coincident with the pure St. Venant result. From this it can be con-
cluded that as the aspect ratio approaches in® nity, the new element
converges to the step change in twist rate predicted by St. Venant
torsion theory.

One of the features of the new ® nite element is that it does not
include any assumption about a uniform cross-sectional geometry
over the span of the beam. To test the effectiveness of the current
model on a nonuniformcross section, the model was used to analyze
a beam with taper in both the spanwise and chordwise directions.
The height was tapered linearly from 0.5 in. at the root to 0.25 in. at
the tip. The width was 1.0 in. at the root, tapered linearly to 0.5 in.
at 50% span, and widened linearly to 1.0 in. at the tip. This was
considered to be a fairly arbitrary geometry that would test several
different kinds of taper at once.

The beam was identical in loading, layup, and boundary condi-
tions to the baselinecase.Only the spanwisegeometrywas changed.

Fig. 9 Comparison of twist response of beam with tapered height and
width under tip torque.

Fig. 10 Comparison of twist response of beam with distributed tor-
sional loading.

Linearly tapered elements were obtainedby integrating the element
equations through fourth-order Gauss quadrature. Twist results un-
der tip torquesare shown in Fig. 9. The modi® ed-GJ stiffnesseswere
obtained by curve ® tting the shell element solution to a ® fth-order
polynomial and using the resulting u (z) to obtain an equation sim-
ilar to Eq. (35). The current approach models the twist response
predicted by the shell element solution quite closely, where the
modi® ed-GJ method is in signi® cant error. This indicates that the
new element is capable of modeling changes in spanwise geometry
and lends itself to methods such as Gauss quadrature.Developing a
closed-formsolution for a tapered case would be dif® cult. The shell
element solution, though accurate, took about 90 s to run. Run times
of less than 1 s were typical for the current model.

As a ® nal validation test, spanwise load distributions were an-
alyzed to show the improved versatility of the new ® nite element
over the modi® ed-GJ approaches.Figure 10 shows twist distribution
with a distributed torsional load. Very close correlation is achieved
between the new ® nite element and the shell element solutions.
Therefore, it is also capable of modeling distributed loads.

Additional cases were tested to determine the effects of taper
on warping restraint effects. The layups were cross ply as in the
baseline case. Four taper cases were examined for each I beam:
uniform, linearly decreasing taper, linearly increasing taper, and
a neck taper where the geometry is tapered to a minimum in the
center of the beam. The symbols at the bottom of Fig. 11 illustrate
the taper geometries.For all tapered cases, the minimum dimension
is one-half of the maximum dimension. For example, the ® rst four
bars show taper in the y direction (beam height). For the second
bar (linearly decreasing taper), the height is 0.5 in. at the root and
0.25 in. at the tip (and a width of 1.0 in. throughout). The height of
the bars in Fig. 11 is the percent tip de¯ ection relative to the pure
Saint Venant case. Taller bars indicate warping is less important; a
height of 100% represents the St. Venant solution. When warping
is restrained at the root and tip, the linearly increasing and linearly
decreasing cases are identical. When warping is restrained at the
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Fig. 11 Effects of width and height taper on warping restraint effects
for different boundary conditions.

root only, the results are closer to St. Venant torsion for the linearly
increasing case. This indicates that the cross-sectionalgeometry in
the vicinity of the warping restraint determines the importance of
warping restraint effects. More information is available on taper
effects in Ref. 26.

Conclusions
1) A new ® nite element has been developed that is capable of

modeling the kinematic boundary conditionsassociatedwith mixed
torsion. It features C1 continuity and only one additional degree of
freedom per element over a three-node C0 continuous model.

2) Validation with shell element models and closed-form solu-
tions showed that results were indistinguishable from closed-form
solutions with and without elastic couplings. Results for uniform
and tapered cases showed excellent agreement with shell element
results.

3) New model is an improvement in accuracy compared to cur-
rent modi® ed-GJ approach. For taper and nonuniform loads, the
accuracy was improved by 25% with only one additional degree of
freedom per element compared to a three-nodeLagrange represen-
tation.

4) For computationallyintensive analyses such as aeroelastic sta-
bilitycalculations,the currentmodelprovidesa substantialimprove-
ment in accuracy and versatility over closed-form solutions at far
less computational cost than a detailed shell element model.

5) Current model reduces to Saint Venant solution if warping
parameter k L is suf® ciently large.
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