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Finite Element Modeling of Open-Section Composite
Beams with Warping Restraint Effects

Matthew W. Floros*and Edward C. Smith’
Pennsylvania State University, University Park, Pennsylvania 16802

A new finite element model is developed to capture spanwise torsion-related warping restraint effects in open-
section composite beams. The new model features both twist and twist rate degrees of freedom, allowing for
direct implementation of the kinematic boundary conditions associated with torsion-related warping restraints.
A Vlasov cross-sectional model is used to determine the beam stiffness coefficients. The new model is validated
against closed-form solutions for uniform composite I beams and detailed shell element solutions for more general
spanwise geometries and loading conditions. A previous method of modeling spanwise torsion-related warping
effects is reviewed and compared to the current model. Beams with spanwise taper, elastic couplings, and arbitrary
warping boundary conditions are analyzed. Bending loads and distributed torsional loads are also investigated.
Excellent correlation is observed between the current model, closed-form solutions, and finite element solutions. For
beams with uniform cross-sectional and warping restraints at both ends, the global increase in torsional stiffness
due to torsion-related warping effects is independent of distributed loadings. The stiffness increase was found
to depend on the cross-sectional geometry in the vicinity of the restraint. For extremely slender beams, the new
torsion model yields the classic St. Venant torsion solution.

Nomenclature
A, B, C = arbitrary constants for mixed torsion differential
equation
g)} = element displacement vector
n Er = Young’s modulus in longitudinaland transverse
directions
El = beam warping stiffness
Grr = shear modulus of plies in principaldirection
GJ = beam torsion stiffness
H = Hermitian shape function polynomial
éK } = beam stiffness matrix
L = beam length
i‘l/;} = Lagrange shape function polynomial
M, = beam bending moments about x and y axes
M, = bimoment applied to beam
M = applied external bimoment on beam
N = axial force applied to beam

n = applied external axial load to beam
= element load vector
= total torque applied to beam about z axis

T, = St. Venant torque applied to beam

t = applied external St. Venant torsion load on beam
Te = Vlasov torque applied to beam

(U, V,W) =Dbeam displacement coordinatesin x, y, z

Vi, Vy = applied external transverse loads on beam
(x,»,2) = I-beam coordinate system

0 =angle between s and x axes

A = warping stiffness parameter

Vir = Poisson’s ratio in principal plane

I1, = total element potential energy

I = strain energy for finite element

Ix = strain energy density for finite element
[0) = warping function

¢y, ¢v, . = Dbeam rotations about x, y, z axes

Q = potential of external loads

() = differentiation with respectto z
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Introduction

PEN-SECTION compositebeams are used in a wide variety of

aerospace applications. These structures exhibit high bending
and axialstiffness with light weightand relatively low torsionalstiff-
ness. Analysis methods for bendingand shear deformationsof these
sections are well documented. Long beams can be accurately mod-
eled as Bernoulli-Euler beams, but for shorter beams and beams
with bending-shear or extension-shear parasitic couplings, trans-
verse shear deformations must be included in the analysis.

Similarly, the torsional behavior of long, slender beams can be
accuratelydescribed with St. Venanttorsiontheory. For loweraspect
ratio beams, torsion-related warping effects become significant, and
both St. Venant and Vlasov torsion must be used. Recently, it has
been shown that warping restraint effects can be significant in mod-
erate or even large aspect ratio composite beams.! Significant errors
in torsional response can result if warping effects are ignored.

A common application of open-section composite beams is the
bearingless rotor flexbeam in advanced helicopter rotor systems.
Several major helicopter manufacturers (Bell, Boeing, McDonnell-
Douglas, Sikorsky,and MBB—Deutsche Aerospace)have been pro-
ducing a number of bearingless main rotor and tail rotor designs
utilizing open-section, moderate aspect ratio composite beams.>~¢
Newer designs may feature elastically tailored laminates, coupling
complex bendingand twisting motionstogether for improved damp-
ing, reduced vibration, enhanced performance, and higher stability
margins. [ beams are well suited for elastictailoring applicationsbe-
causeangle plies in the separated flanges allow for larger extension—
twist or bending-twist couplings.

Elastic couplings can make analysis of both the fixed- and rotary-
wing aircraft structures more complex. Effects such as torsion-
related warping can play an important role in beam response and
must be addressed both in the cross-sectionalanalysis and the span-
wise discretization. Progress on cross-sectionalmodeling of beams
with elastic couplings has been ongoing for many years, but studies
have not focused on spanwise discretization in the past. An ex-
tremely accurate cross-sectional model is not very useful unless it
can be extended into the spanwise dimension. This work focuses
on developing a new spanwise discretization model that is capable
of accurately representing warping restraint effects in composite
beams.

The first work with the contour-based cross-sectional analysis
methods used in this study was conducted by Vlasov.” A text-
book including warping of thin-walled structures was written
more recently by Gjelsvik.® The Vlasov theory in these books
could model thin-walled beams by translating the two-dimensional
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plate stress resultants and displacements to one-dimensional beam
forces, moments, and displacements. In this way, loads and dis-
placements are only a function of the spanwise coordinate. The
theory was useful for modeling generally shaped thin-walled
isotropic sections. Examples of both open and closed sections were
included.

Vlasov theory was initially extended to composites by Bauld and
Tzeng.? Only symmetric laminates were considered,and transverse
shear was not taken into account. Chandra and Chopra! included
transverse shear effects of the beam, although transverse shear of
the individual laminates in the cross section was not considered.
Bending—torsion coupled beams were considered. Closed-form so-
lutions for uniform I beams under tip bending and torsional load-
ings were developed and tested against experimentally determined
results. The study showed that unlike isotropic beams, composite
beams with large aspect ratios (on the order of 60) were strongly
affected by warping restraints. The theory was later extended to
include closed sections.!%:!!

Bauchau and Chiang'? utilized a nonlinear shell element model
including warping effects in an analysis of tail rotor blades. The
effects of warping on rotating natural frequencies were considered.
Another beam theory was proposed, which expanded the warping
terms in a series of eigenwarpings, assuming that the beam cross
section is infinitely rigid in its own plane. Thin-walled box beam
sections were analyzed and compared to classicalresults.!?

Kosmatka'* formulated a nonlinear theory for spinning aniso-
tropic beams including warping effects. Cylindrical cases were ex-
amined with varyingply orientationsand slendernessratios. Results
showed that for the cases examined, warping effects influenced the
torsion natural frequencies, but not bending."* Another study was
conducted to determine the behavior of antisymmetric beams with
initial twist. Rectangular cross sections were examined.!®

Crawley and Dugundji'® and Jensen et al.!” conducted studies
on in-plane warping of isotropic'® and bending—torsion coupled'’
composite plates. A partial Ritz method was used assuming a chord-
wise deflection shape. For bending-torsion coupled cases, natural
frequencies were significantly affected by excluding the chordwise
deflection.

Two-dimensional methods have also been developed to describe
torsion-relatedwarping. Lee and Kim'® and Stemple and Lee!® used
a warping nodes method, where the cross section is descretized and
the out-of-planedeformationat each point is calculated. These meth-
ods yield accurate results but require too many degrees of freedom
to be practical for aeroelastic analysis.

Yuan et al.?’ formulated a beam finite element approach where
the warping magnitude was consideredas an independentdegree of
freedom. The principal focus of this study was aeroelastic stability,
and no efforts were reported to evaluate the warping model.

Another modeling approach is to artificially modify the tor-
sional stiffness of the beam near a warping restraint to capture
the boundary-layereffect (modified-GJ method). Nixon?! used this
method for an analysis of extension-torsion coupled rotor blades.
The stiffness modification is based on closed-form solutions devel-
oped in Ref. 8.

Tracy and Chopra®*23 derivedtwo differenttorsionstiffness mod-
ifications to capture warping effects as part of a study on aeroelastic
stability of bearingless composite rotor systems. These modifica-
tions were based on the closed-form solutions for uniform beams
developed in Ref. 1. Stiffness modifications are dependent on load-
ings and boundary conditions. Results for tip-loaded beams with
uniform cross sections were presented.

The objectiveof thisresearch is to developa new method of incor-
porating restrained warping effects into beam finite elements. The
formulation is intended to be used for applications such as aero-
elastic response and stability calculations, where linear beam finite
elements with distinct bending, torsion, and extension degrees of
freedom are typically used. In such calculations, closed-form re-
sults lack the capability of modeling real structures and loading
conditions. Shell element results, though accurate, require compu-
tation times on the order of minutes rather than seconds for a beam
model. The current work proposes a model that is both computa-
tionally simple and accurate for structures with complex loadings,
spanwise taper, and elastic couplings.

Analytical Formulation

This section briefly describestorsion-related warping, the Vlasov
cross section model, and the formulation of the mixed torsion ele-
ment. The element is comparedto a previousapproach for modeling
torsion-relatedwarping in beamelementsthathas beenimplemented
in past aeroelastic analyses. The improvements over the previous
approach are noted.

Torsion-related warping is a deformation in which the cross sec-
tion deforms locally out-of-plane, but does not produce a net axial
deformation (see Fig. 1). The axial deflection w due to warping is
proportionalto a warping function and the spanwise rate of twist in
the beam,

w(z,s) = @s)Pl(z) @))]

Foranisotropicbeam, the governingdifferentialequationfora beam
with mixed torsion is

Elowll _ GIPl = _(T; + To) (2)

where El, is the warping stiffness, GJ is the torsion stiffness, and
(Ty + Tv) is the applied torque. The applied torque is the sum of
St. Venant torque 7; and Vlasov torque 75,. The Vlasov torque is
a consequence of the so-called warping moment or bimoment M,
The bimoment has units of force-length? It is a set of two equal
and opposite moments about the same axis separated by a distance
(see Fig. 1) and can be an applied force or can arise from restraining
warping at a point. A good description of the bimoment and its
origins can be found in Ref. 24.

The governing differential equation [Eq. (2)] is third order and,
hence, has geometric twist and twist rate boundary conditions. The
possible boundary conditions are twist restrained @. =0 or twist
free T, = 0 and warping restrained ¢ = 0 or warping free M,,=0.

Restraining the warping deformation causes the twist rate to be
zero at the point of restraint. This causes a local effective torsional
stiffening that affects the global torsional response of the beam,
similar to boundary layers in fluid dynamics.

A Vlasov type cross section analysis was used in the current
model. A thorough derivation of the equations and cross-sectional
stiffnessescan be found in Ref. 1. A general Vlasov theory approach
is presentedto modela beam with extension, bending, torsion, warp-
ing, and transverse shear deformations. The resultis a 9,9 stiffness
matrix relating beam forces to beam displacements. By considering
only symmetric beams with cross-ply webs subjected to bending
and torsional loads, the 9 X 9 matrix is reduced to 5 X 5:

N Ky K Kiz Ky Kis wr
M, Ky Kn Ky Ku Ks || @
ML =]Ksy K Kz Ky Kis o 3)
M, Ky Kin Kiz Ky Kys o
T, Ksi Ks; Ks3 Ksia  Kss ¢

Equation (3) is appropriate for bending and torsion of symmetric
beams and extensionand torsionof antisymmetricbeams. For proper
modeling of axial deformation in symmetric beams or bending in

Fig.1 Out-of plane warping and bimoment on I beam.
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Fig.2 Coordinate systems, forces, and displacements.

antisymmetric beams, the full 9 y, 9 matrix would be necessary
or a minimization process would be necessary to account for shear
couplings. An exampleof this shear condensationis givenin Ref. 22.

The beam coordinates, applied forces, and corresponding dis-
placements are shown in Fig. 2. For general laminates and cross-
sectional shapes, K is fully populated. In practical applications,
many of the coefficients are zero. In an extreme case, an I beam
with isotropicor cross-ply webs and flanges, the matrix is diagonal.
The number of nonzerooff-diagonalterms depends on the couplings
present in the beam.

[KExl] [ KExlfFlup Bend ]
K xt—Flap Beng K lap Beng
(K] = [ Kexi—Flap Bend ] [ KEtap Bend ]
[ KExl{hord Bend ] [ KFlup Bend—Chord Bend ]

[KExlfTorsion]

Finite Element Formulation

The specialized element is formulated through an energy method
incorporating the principle of the stationary value of the total po-
tential energy. First, the total potential energy is obtained from the
strain energy and the potential of the external loads. The stationary
condition is then applied to obtain the finite element equations. In
the linear regime, the strain energy density expression for a beam
undergoing extension, bending, torsion, and warping deformations
is given by

The= J(NWI+ My + M+ T, 9L+ Moyl (4)

If no shear is included, the bar displacements U/ and ¥’/ can be sub-
stituted for ¢, and ¢,. This changes the strain energy expressionto

ITx= J[NWI+ MUn+ M V1 + T,¢L + Mol ®)

Substituting the K matrix coefficients from Eq. (3), in terms of the
bar forces and displacements, the strain energy becomes
KaWP + 2Kn VWi + 2K sUWi + 2K,s yWi
T = 1 + 2K s+ Ky VIP + 2K UNV I+ 2 Kos V0
YT 2| 42KtV 4 KU 4 2Ky uUn + 2Kss LU
+ Ku @l + 2Kis Ly + Kss i’
(6)
The potential of the external loads on the beam in terms of the same
displacements is given by
Q=nW+v.U+v,V+ t,¢. + mod! (7

The lowercase letters are the applied (distributed) bar forces. To
numerically discretize the equations, shape functions are then sub-
stituted for the bar displacements U, V, W, and ¢.. Two different

[KFlup Bend—Torsion ]

types of shape functions were used. For the axial displacement, a
three-node Lagrangian (C° continuous) representation was used.
For bending and torsion, a two-node Hermitian (C' continuous)
representation was used. The shape functions can be found in a fi-
nite element textbook, such as Cook.?> By substituting for the bar
displacements with the appropriate shape functions, the following
expressions are obtained for the discretized displacements:

_ | uh _ |V
{U}_ {H} 753 ’ {V} - {H} V2
uh vh ®
w 9.
— T ,1 _ T ¢41
MEH e B,
3 ¢,

The column vectors in Eq. (8) are the nodal displacements. These
discretized displacements are substituted for the displacements in
the strain energy density expression [Eq. (6)] and integrated over
the beam length. A more compact matrix form results:

I, = é{D}T[k]{D} ©)

The potential of the external loads is placed in a similarly compact
matrix form:

Q= _{D}T {R} (10)
The element stiffness matrix comprises 10 unique submatrices,

one for each stiffness and coupling term. The element stiffness ma-
trix, in terms of the 10 submatrices, is given by

[ KExl4Ch0rd Bend ] [KExlfTorsion]
[ KFlup Bend—Chord Bend ] [ KFlup Bend*Torsion] ( 1 1)
[ KChord Bend ] [ KChord Bend*Torsion]

[ KChord Bend—Torsion ] [ KTorsion ]

There is a correspondingintegral expression for each of the subma-
trices,

L
Kea] = LN Ky 1) d 12
[E]]O({}[u]{}x (12)
L
[ Kriap Bend] = ] . ({Hll}[Kzz]{H”}T)dx (13)
L
Kevorapena] = | (fHM[ K3 ") d 14
[ Kcnord Bend ] ]0 { ”}[ zz]{H”} X (14)

L
Kromsion] = (§HN[ Kss1gHN Ky 1 gHNT
[ Krorsion ] ]0 { ’}[ 55]{ ’} +{HII}[ 44]{ ”}

+ Z{HI}[K45] {HII}T) dx (15)
L
1= T T
[KExlfTorslon] — ]0 ({U}[KlS]{HI} =+ {U}[KM]{H”} )d.x
(16)
L
[ KF1ap Bend—Torsion] = ]0 ({H//}[Kzs]{H’}T + {H”}[K24]{H”}T) dx
(17)

L
ord Bend—Torsion | = 3 r 3 T)d
[ Kchord Bend—Torsion | ]0 ({H//}[Kzs]{H/} + {HII}[KM]{HII} X
(18)

The stiffness coefficients in the remaining matrices are small or
zero for the I-beam geometry and bending—torsion ply orientations
considered. Expressions for these matrices are very similar to those
in Egs. (12-18). Likewise, had transverse shear been included, there
would be additional submatrices for the shear degrees of freedom,
each of similar form.
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The potential of the external loads is given in terms of the load
vector R. It is a stacked column vector of the nodal displacements,

m=]1 (19)

Similar to the element stiffness matrix k, there is also an integral
expressionfor each of the terms in the vector of the externalloads R:

{n}: ] OL {L}T n(z)dz (20)
{vy}: ]OL{H}TV},(Z)dZ (21)
1= ] OL{H}Tvx(z) dz (22)
{tx}: ] OL({H}TLY(Z) + {HI}me(z)) dz (23)

The displacement vector iD‘j;n Egs. (9)and (10)is a stackedcolumn
vector of the nodal displdcements:

{D}: { '} (24)

Summing the strain energy and the potential of the external loads
yields the total potential energy

I, =I1 + Q (25)

Substituting the expressionsfor I'l, and £2, a matrix equation for the
element in terms of the element stiffness matrix, load vector, and
displacement vector is obtained:

=Y IPL-pE e

Using the principle of the stationary value of the total potential
energy, the following stationary condition is applied:

anﬂ —_
P
This results in the standard discretized finite element equations,
[£] {D}: {R} (28)

Having derived the finite element equations, some important ob-
servationscan be made. This discretizationincludesthe torsion stiff-
ness, the warping stiffness due to Vlasov effects, and the warping—
torsion coupling stiffness (often zero) in one submatrix, as shown in
Eq. (15). Note that in a similar manner, the terms coupling torsion
with other degrees of freedom must also be the sum of the warp-
ing coupling and the torsion coupling. This is a unique feature of
the current research. Through the simple addition of the warping
strain energy into the element strain energy, the Vlasov torsion is
rigorously accounted for.

Comparison to Previous Method

From Eq. (3), the term that relates applied St. Venant torque and
the twist deformationis Kss. Inclusionof warping effects was previ-
ouslyaccomplishedin Refs. 21-23 usinga St. Venant torsion model
by modifying this stiffness coefficient over part or all of the beam.
One such approach, found in Ref. 23, was based on closed-form
solutionsto the governingdifferential equation for torsion. This ap-
proach was used in a previous rotor system aeroelastic analysis.
Results for the current model will be compared to this approach. A
brief overview of its formulation is presented here.

For a composite beam with a cross-ply web and identical flanges,
subjected only to bending and torsional loads, the governing differ-
ential equation is found in Ref. 1 to be

Kis@lh _ (Kss), ¢l = _T (29)
where
(KSS)r = Kss _(K225/K22) (30)

The reduced torsion stiffness reflects the increased compliance
due to bending-torsion couplings. The general solutionto Eq. (29)
is

. = T z4+ A+ Bsinh Az 4+ Ccosh Az (31)
(KSS)r
where
)‘: (KSS)r (32)
Ky

and where Ais a parameterthat can be used to assess warping effects
in a cross section. Accounting for beam length, the parameter AL
is a good indicator of the importance of warping effects in a beam.
Vlasov torsion effects diminish as AL grows large with respect to
unity.

The arbitrary constants 4, B, and C in Eq. (31) are found by
substituting the boundary conditions into the general solution. The
torsional response of the beam with a tip torque and warping re-
strained at the root and tip is given as

T coshAL _1
Az _sinh Az 4 ——————

A Kss), s + sinh AL
The stiffness modification in Ref. 23 is based on this equation

and the classic St. Venant result for a beam with a tip torque, given
by

¢. = (coshAzz_1)| (33)

¢=TzIGJ (34)

To obtain the modified stiffness equation[Eq. (34)] is solved for GJ
and ¢ is replaced with the expression in Eq. (33) to obtain

coshAL __1

sinh AL (coshAz _1)

GJ(z) = z M Kss), / [).z _sinh Az +

(35)

There are several conceptual and practical problems with this
approach. First, the closed-form equation is for specific boundary
conditions, in this case warping restrained at the rootand tip. This is
achieved by GJ(z) becoming infinite near a restraint. In Eq. (35) the
denominator contains an expression for ¢(z), not ¢/(z), and so the
stiffness becomes infinite when the twist approacheszero, not when
the twist rate approaches zero as the proper boundary conditions
dictate. Also, the numerator is proportional to ( Kss),, rather than
to Kss, to reflect the increase in compliance due to bending-torsion
couplings. The result is used in a finite element stiffness matrix.
Therefore, the compliance increase is accounted for twice, once an-
alyticallyto obtain GJ(z) and once numerically in the finite element
analysis. There is no physicaljustification to support this.

In contrast, the currentapproach incorporatesthe warping effects
directly into the element strain energy. In previous approaches, the
torsion solution had to be known a priori, whereas in the current
analysis, no prior knowledge is necessary. The restrictions on sim-
ple loadings, uniform geometries, and prespecified boundary con-
ditions are thus removed. Instead of changing the torsion stiffness
with an equation, the current model directly enforces the kinematic
boundary conditions and uses the analytical stiffnesses in the finite
element.

The Vlasov cross section model for torsion is often discretized
with a three-node Lagrangian (C° continuity) polynomialrepresen-
tation. In this study, torsion is incorporatedinto the specializedbeam
finite element through Hermitian polynomials. Hermitian polyno-
mials feature continuity of both twist and twist rate (C' continuity).
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Table1 Comparison of features of modified-GJ method 0.3 T T T T T
and current formulation —O—ghell EIementR N}
. L —=— - i
Modified-G.J method Current method s 025 o~ C[?r?::t ﬁ’ég‘ef ef. 1)
Numerical or analytical a priori No a priori solution needed Y 0.2 [Boundary Conditions: ]
solution necessary for analysis g [ Restrained-Restrained
C? continuous shape functions C! continuous shape e Geometry: 1x0.5 inches
functions allow warping g 015 ¢ ]
moment to be carried from k)
element to element 5 o1 ]
Warping boundary conditions Geometric boundary conditions 'g ]
approximated by equation are directly enforced F 005 Flange Layups- [0/0], Symmetric |
Main diagonal stiffness terms Calculated stiffnesses used Web Layup - [0/90],
altered by analysis 0 ) , ,
Analytical model changes with Boundary conditions and loadings 0 5 10 15 20 25

boundary condidions and loadings

applied in solution

1345

30

This allows the warping moment to vary across the finite element,
similar to bending moments in a standard Hermitian bending rep-
resentation. The warping is linked directly to the twist rate degree
of freedom as in the governing differential equation and strain en-
ergy equation. Torsion is represented by two nodes and two degrees
of freedom per node, ¢ and ¢r. For restrained warping, the ¢r=0
boundary condition can be easily enforced. A comparison of fea-
tures of the current model and the modified-GJ model is shown in
Table 1.

Results

The new finite element was validated against closed-form solu-
tions for I beams from Ref. 1 and detailed shell element solutions.
The closed-form solutions were previously tested against experi-
mental results, and good correlation was achieved. The I beams
tested were graphite/epoxy; material properties are E; = 20.59

10° psi (Msi), Er = 1.42 Msi, Gy = 0.89 Msi, vir = 0.42, and
ply thicknesses=0.005 in.

A baseline uncoupled case was tested to check the accuracy of
the new element. The results are plotted in Fig. 3. The beam has a
1 0.5 in. cross section, with [0/ 90], layups in the flanges and the
wg%. Note that the word symmetric in the layup descriptionon each
plot is with respect to the beam centerline. In other words, the first
ply is on the inside of the flange for both the top and bottom. The
beam is loaded with a unit tip torque and is clamped at the root with
warping restrained at the root and tip. It can be seen that the new
finite element can accurately predict this simple case, as the shell
element solution, the closed-form solution, and the current model
are nearly coincident. The shell element model contained 300 thin,
shallowshellquadrilateralelements, with six degrees of freedomper
element. The plot shown used eight beam elements for consistency
with the other, more complex results presented. It should be noted
that convergence is extremely rapid for the new element, and this
baseline case was modeled to 98.4% accuracy with a single beam
element compared to the closed-form solution.

Bending—torsion coupled cases were also tested to verify that
the new element could not only model twist response but could
also model both the bending due to torque loading and the twist
due to bending loading. The beam considered had flange layups of
[0/90]5[15], and a web layup of [0/90],. Results are shown for
twist under a unit tip torque (in Fig. 4), for twist under a unit tip
bending load (in Fig. 5), and for bending slope under a unit tip
torque (in Fig. 6). In each plot, the current model coincides exactly
with the closed-form solution. The modified-GJ solution is in error
by a significant amount in each case. Note that the twist rate for
the modified-GJ plots does not approach zero at the tip. The St.
Venant characterof the element is evident in the discontinuoustwist
rate between the first and second elements, at the 7.5-in. spanwise
position. The current model is a smooth curve over the entire length
of the beam due to the continuity of twist and twist rate. These
figures show that the new model can accurately predict the torsion
response and the coupled bending response as well.

To examine the versatility of the new element, the baseline cases
were modified in beam geometry, boundary conditions, and load-
ings, to verify that it was capable of modeling these changes. The
first test verifies the dependence of warping on aspect ratio, defined

Spanwise Position {in.)

Fig. 3 Validation of twist distribution under tip torque for baseline
uncoupled I beam.

025 —— T T T ' '
—+— Current Model
os L | Modified-GdJ (Ref. 23)
- —s— Closed-Form (Ref. 1)

Boundary Conditions:
015 L Restrained-Restrained
. Geometry: 1x0.5 inches

Twist Under Tip Torque (rad)
o

o

=}

&
T

Flange Layups - [0/90]3[15]2 Symmetric
Web Layup - [0/90]‘
ra| 1

1 1
0 5 10 15 20 25 30
Spanwise Position (in.)

Fig. 4 Twist response of bending—torsion coupled beam under a tip
torque.

0.035 T T T T T
-e— Current Model
003 | [----- Modified-GJ (Ref. 23)
~—=— Closed-Form (Ref. 1)
0.025 B

[ Boundary Conditions:
Restrained-Restrained

Twist Under Tip Bending Load (rad)

0.02 [FGeometry: 1x0.5 inches PP g
0.015 | i ]
001 | -
0.005 | Flange Layups - [0/90]3[15]2 Symmetric
Web Layup - [0/90]4
0 | IR R RTINS I ey ]

0 5 10 15 20 25 30
Spanwise Position (in.)

Fig. 5 Twist response of elastically coupled beam under tip bending
load.

0.0025 : : —— : ——r

[| —*— Current Model
L{~==--- Modified-GJ (Ref. 23)
0.002 - —a— Closed-Form (Ref. 1)

Boundary Conditions:
0.0015 [.Restrained-Restrained
Geometry: 1x0.5 inches

Bending Slope Under Unit Tip Torque (rad)

0.001 - E
0.0005 | -7 ’ E
. ~Flange Layups - [0/90]3 [ 5]2 Symmetric
----- Web Layup - [0/90]
0 L 1 1 4I
0 5 10 15 20 25 30

Spanwise Position

Fig. 6 Bending slope of elastically coupled beam under tip torque.



1346 FLOROS AND SMITH

T T T T
Flange Layups- [0/90]4 Symmetric No Warping
Web Layup - [0/90]
08 ‘ 160 7
H Boundary Conditions:
g Restrained-Restrained
z 0.6 |- Geometry: 1x0.5 inches 1
o5 80
»
E
s
a 04 i
[
k] 40
g o0z} ]
Aspect Ratio = 20
0 1 1
0 0.2 04 0.6 0.8 1

Spanwise Position (z/1)

Fig.7 Nondimensional effect of aspect ratio on torsional response with
warping restrained at root and tip.

1 T T T T
—— St. Venant =
— — Aspect Ratio = 60 =
0.8 I |oeeen Aspect Ratio = 200 ~7 - 1
=" -
Boundary Cenditions: i
% 06 | Free-Free i 1
2 Geometry: 1x0.5 inches %~ ~
flad ’
o e
E rd
jg 04 s s 1
‘4
= z
v
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Fig. 8 Comparison of current model with St. Venant solution with
midspan concentrated torque at different aspect ratios.

as the length of the beam divided by its height. As aspect ratio in-
creases, the effectsof warping become smallerand the twist response
approachesthe St. Venant solution. Figure 7 shows the response of
beams with different aspect ratios normalized to the tip twist re-
sponse without warping restraint effects. When the aspect ratio is
large (160), the slope of the twist curve is parallel in the middle
to the St. Venant case. This shows the boundary-layereffect of the
warping restraint, where only the first and last 20% are affected and
about 60% in the midspan is not.

An interesting corollary to aspect ratio dependence is a compar-
ison to St. Venant torsion for a midspan concentrated load. The St.
Venant solution predicts a step change in twist rate at the point of
load application. Element-to-element continuity of twist rate pre-
cludes step changes in the current model. A test case was examined
to see if the new element would converge to the St. Venant solution
if the warping was free at the root and tip. Note that with the current
model changing the boundary condition to warping free requires
only releasing the constraint on ¢/. The result is shown in Fig. 8.
At the smaller aspect ratio (long dashes), the tip twist deflection is
identical, but the warping restraint effects prevent the step change
in twist rate. The much higher aspect ratio (short dashes) is nearly
coincident with the pure St. Venant result. From this it can be con-
cluded that as the aspect ratio approaches infinity, the new element
converges to the step change in twist rate predicted by St. Venant
torsion theory.

One of the features of the new finite element is that it does not
include any assumption about a uniform cross-sectional geometry
over the span of the beam. To test the effectiveness of the current
model on a nonuniformcross section, the model was used to analyze
a beam with taper in both the spanwise and chordwise directions.
The height was tapered linearly from 0.5 in. at the rootto 0.25 in. at
the tip. The width was 1.0 in. at the root, tapered linearly to 0.5 in.
at 50% span, and widened linearly to 1.0 in. at the tip. This was
considered to be a fairly arbitrary geometry that would test several
different kinds of taper at once.

The beam was identical in loading, layup, and boundary condi-
tionsto the baselinecase. Only the spanwise geometry was changed.
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Fig.9 Comparison of twist response of beam with tapered height and
width under tip torque.
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Fig. 10 Comparison of twist response of beam with distributed tor-
sional loading.

Linearly tapered elements were obtained by integrating the element
equations through fourth-order Gauss quadrature. Twist results un-
dertiptorquesare shown in Fig. 9. The modified-G/J stiffnesses were
obtained by curve fitting the shell element solution to a fifth-order
polynomial and using the resulting @(z) to obtain an equation sim-
ilar to Eq. (35). The current approach models the twist response
predicted by the shell element solution quite closely, where the
modified-GJ method is in significant error. This indicates that the
new element is capable of modeling changes in spanwise geometry
and lends itself to methods such as Gauss quadrature. Developing a
closed-formsolution for a tapered case would be difficult. The shell
element solution, though accurate, took about 90 s to run. Run times
of less than 1 s were typical for the current model.

As a final validation test, spanwise load distributions were an-
alyzed to show the improved versatility of the new finite element
overthe modified-GJ approaches.Figure 10 shows twist distribution
with a distributed torsional load. Very close correlation is achieved
between the new finite element and the shell element solutions.
Therefore, it is also capable of modeling distributed loads.

Additional cases were tested to determine the effects of taper
on warping restraint effects. The layups were cross ply as in the
baseline case. Four taper cases were examined for each I beam:
uniform, linearly decreasing taper, linearly increasing taper, and
a neck taper where the geometry is tapered to a minimum in the
center of the beam. The symbols at the bottom of Fig. 11 illustrate
the taper geometries. For all tapered cases, the minimum dimension
is one-half of the maximum dimension. For example, the first four
bars show taper in the y direction (beam height). For the second
bar (linearly decreasing taper), the height is 0.5 in. at the root and
0.25 in. at the tip (and a width of 1.0 in. throughout). The height of
the bars in Fig. 11 is the percent tip deflection relative to the pure
Saint Venant case. Taller bars indicate warping is less important; a
height of 100% represents the St. Venant solution. When warping
is restrained at the root and tip, the linearly increasing and linearly
decreasing cases are identical. When warping is restrained at the
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Fig. 11 Effects of width and height taper on warping restraint effects
for different boundary conditions.

root only, the results are closer to St. Venant torsion for the linearly
increasing case. This indicates that the cross-sectional geometry in
the vicinity of the warping restraint determines the importance of
warping restraint effects. More information is available on taper
effects in Ref. 26.

Conclusions

1) A new finite element has been developed that is capable of
modeling the kinematic boundary conditions associated with mixed
torsion. It features C! continuity and only one additional degree of
freedom per element over a three-node C° continuous model.

2) Validation with shell element models and closed-form solu-
tions showed that results were indistinguishable from closed-form
solutions with and without elastic couplings. Results for uniform
and tapered cases showed excellent agreement with shell element
results.

3) New model is an improvement in accuracy compared to cur-
rent modified-GJ approach. For taper and nonuniform loads, the
accuracy was improved by 25% with only one additionaldegree of
freedom per element compared to a three-node Lagrange represen-
tation.

4) For computationally intensive analyses such as aeroelastic sta-
bility calculations,the currentmodel providesa substantialimprove-
ment in accuracy and versatility over closed-form solutions at far
less computational cost than a detailed shell element model.

5) Current model reduces to Saint Venant solution if warping
parameter AL is sufficiently large.
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